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1. Introduction

The most familiar results for integral equations consider
the equation @ (x)+ A fK(x,y) ¢(y)dy = f(x).
Ihis equation depends on the parameter A in a particularly
simple way, and a great deal is known about it, e.g. that it
always has a unique solution @ for given f except for certain
singular values ‘An of A, and that there are only finitely
many such ?\n in any compact subset of the complex plane.

Recently Lauwerier ([1 ], pp.429 and 430), in studying a
problem that can be phrased either in terms of trigonometric

series or partial differential egquations, arrived at an
equation of the form

(1) @(x)+ [K(x,y,a) ¢(y)ay = £(x),

with the dependence on A being analytic, but apparently not
of the usual type. In this note it 1s shown that nearly
identical results hold for (1) as for the more familiar
special case in which K(x,yv,A)= AK(x,y). (We will refer to
this as "the classical case'.) Tamarkin [3] has given a
treatment that covers a large class of equations (1), but his
proof 1s rather complicated. That proposed below is comparatively
simple, and based on a familiar idea of integral equations
(approximation by "finite operators") to be found, e.g., in
[2]. '

Consider a kernel K(x,y,A) for x and y in a measure space
X (e.g. x and vy in the real interval asx sb), and A in a

connected region I of the complex plane, subject to the two
conditions

(1) fflK(x,y,’A)‘gdx dy is continuous in I;
(1ii) for each f and g in L2,
ffK(X:Y,'h)f(x)g(y)dx qay

is analytic in 1.

Here L2 denotes the space of square-integrable functions
on X. For f and g in L2 we have the inner product
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(f,%)*“"‘f f(x)g(x)dx, and the norm | £l = (f,f)q’/ﬂg. A set of

: ~
functions U, in L~ 1is orthonormal if (u

,u )=d_ =0 or 1
| n’>“m’ “nm
according as n#m or n=m.

! We assume there is a basis of such
U.s 80 that each f in L can be written f=2_(f,u_)u_.

Ihe condition (i) above assures that for eacﬁ A in I,
K(x_,y, 7n.) def'ines 2 completely continuous operator K(n) on LQ,
Clearly (i) and (11) are satisfied in the classical case
where K(x,y,7)= nK(x,y), and ﬂ | K(x,y)l © 3 dy < @ .

A number AN in I is called singular 1if and only 1f the
equation (1) falls to have a solution ® in L2 for some f in
L-., In the classical case it is well known that the set of
singular values of A is countable, and has no finite 1limit
point. The theorem of this report states that under the more
general conditions (i) and (ii) on K, the only new possibility
for equation (1) is that every A is singular.

This arrises, e.g., if U and U, are orthonormal and
K(x,y, \)= --u,l(x)ﬁ,](y)+ A ug(x)ﬁz(y) . For in this case

¢(X)+IK(X-’B’T-’ R)Cp(y)dym (P(x)”uq(x) ( © :U-/])+ ‘huQ(x) ( © ,ng) ls
orthogonal to U,, so0 that @ +Ke¢=f falls to have a solutlon
for f = u,.

2. The theorem

Here we state and prove the main result. At a certain stage
. ¥
it i1s necessary to derive the analyticity of the n 0 DOWETr
R('A)]nL of an operator R(A) from the analyticity of R(A). This is

justified Dby the lemma proved in section 3.

Theorem. If K(x,y,n) satisfies conditions (i) and (ii), then
in the connected region I either every A is singular, or the
singular values of A have no finite limit point in 1.

Proof We will assume that 7\0 in I is a finite limit point of
the set of singular values for (1), and show that every A in I

is singular. ,
. Let {u } (n=1,2,...) be an orthonormal basis for L, and
n 3

set
anm(:’\)” ffK(X:Y: ?-)“JH(X) um(y)dx dy

so that in the sense of mean CONVergence
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K(x,y,n)= ) _ 2_ a

n="71 m="1,

(n) u (x) u (v).

I

Because of condition (1i), the a,, are analytic in I. We
def'ine the kernel '

Ko(%,5, 2)= Z:/l Za o (m)u (x) ().
M= Nn=

Denote the operators with the above kernels by K(=a) and
KN(R) respectively, and define

RN(?\) = K(?\)--KN('?\).

For any functions g and h in Lg, we have set (g,h)= fg-ff.

Then, by (ii), (K(n)g,h) is analytic in I; and because the
a,.n, are analytic, (K (A)g,h) is analytic in I. Hence
(Ry (A)g,h) is analytlc in I. In view of the lemma proved
below, we conclude further that (RN( 7\) g,h) is analytic in I,
for each n,g and h.
Suppose '?\O igs a finite 1imit point in 1 of singular

values for (1), and choose N so that

ff]K(x,y, mo)wKN(x,y, ’;\O) \ “ax dy < 1/2. The continuity of the
a and condition (i) then guarantee that for some S >0 we

nm ,
have that { ! [ATRA < S } belongs to I, and

(2) JRg(x) beff 1K(x, 5, 2)-Ky(x,7, M| “ax ay < 1/2

for A in C = { | N - A ‘ < S} Here [JA{l denotes the norm of the
operator A on L2.. In ( 1) let ¢ +RN(7\)¢J v, a reversible
substitution by virtue of @ = Z [-—~R (n)]1™)w = B(n)w . This
series for B(a) converges in norm because of (2). From the
analyticity of (R (?«) ,h) and the uniform convergence of the
series (B(a)g,h)= %) [ - RN( 7\)] g,h), it follows that (B(a)g,h)
. * O

1s analytic.

With the above substitution, equation (2) becomes

(3) wHK(n)B(A)w = .

This can be reduced to a system of equations in N unknown
constants by the following familiar device. LetT

* : ¥
Z,,anm('}")u (x)=v_(x,2), and B (»)u (v)=w_(y,n), with B the

adjoint of B, so that (3) becomes
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N
I AN - ;
(&) w(x)+ ; Vi (G R) [ W (N vy )dy=r(x),
whose solution amounts tn f'inding the numbers

C o= j wm(y, A ) v(y)dy. To do this, take the inner product of

(4) with each of the W, To get the system
N
(5) ot T (v, )e

(f,w
1. :::/] (Tl ’

|

k)?

Cy ( _,wk) of (5), and Cﬁrweraely any solutinn ¢, of (5)
yields a solution v = - 3% Vi of (%). Thus (4) is solvable
f'or every  if and only if‘1 (5) is. Since RY is invertible,
the W, = B%uk are linearly independent; thus the (i“,wk) can be
taken as any N numbers by the preper cnoice of . It follows
that (5) has a solution for all f if and only 1f W 1is not a
zero of

(6) det (b’mk-i* J'Vm(x,vx)%"k(x, N)dx ).

1T follows from the form of the v and Wy ana the analyticity

of (B(n)g,h) that the function (6) i1s analytic for | A - ?\O, < S,
Since A, 1s a limit of singular values of A, (0) vanlshes on

a set with limit point A,, hence (6) vanishes identically for
|~ - n_l<s_. It follows that all these values of = are
singular. It 1s clear that this result can now be extended to
all of 1L, since I 1is connected.

Thus the proof is complete modulo the lemma referred to above.

3., The lemms

Before stating the lemma, we introduce the following
notation in connection with the operator A with kernel
2 2
Alx,y) : Wall“= ff |A(x,y)] “dx dy. Thus condition (1) above is
that |l K{(2)l is continuous.

Lemma Let A(a) and B(x) be integral operatecrs defined for
in a region D, and such that in D JA(NMN and WB(A) N are
bounded, and (A(A)f,g) and (B(a)f,g) are analytic in D for each

' and g in L2 . Then A(A)B(A) has the same properties.

Proof It is clear that JJA(A)B(a)lf 1s bounded in D, since
!HA B m S }U A m IHB m . To show the required analyticlty, we expand
A and B in terms of the operators an defined in terms of the

orthonormal base {u..n} by anukmcfkmun, with & = the Kronecker
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delta. Thenmif = anun and g= Z: gmu_mﬁ we have
(anfs%)ﬁfmgn. If the kernel of A(a) is A(x,y,n)=

Z a_ (™ (X)u (y), then A(RA)= >_ anm(’\)an’ and
N, m

A(”\ M °= Z l anm ) 72. .n the same way we set B(a) =

Z:by/“ (E)Pp , - oince anPy/u, = me Pn/w_g we have

(A(MB(NE,8)= T 2 (Wb, ()(P_ £,g)

= 7 a . (Mp, (AT g .
AT, v ol V m m=n
Because of the analyticity of (ACA)umﬁun) and CBCR)%a,uV) each
term of this series is analytic in D. Thus in view of Vitali's
convergence theorem it suffices to show that

Zla,(M)b, (n)f m"’g';g"’nl is uniformly bounded in D. But a few
applications of the Schwartz inequ&lity yield

Z{ “)bvw(‘?\)fﬂgnz <Q‘A(7\) 1. mB(‘\) fn ﬂg“ ;, which with

the assumed boundedness of ||| A(N)) and B 7\)m on D completes
the proof.

1t is cle¢ar how this lemma yields an inductive proof that
(RN(n)ngah) is analytic for n=1,2,
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